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The Bubnov-Galerkin method is used to solve the problem of the pas- 
sage of isotropic radiation through a scattering layer with a spherical 
scattering indicatrix and the problem of radiation from a layer exhib- 
iting constant temperature. 

1. In p r o b l e m s  of r a d i a t i v e  exchange  in dus t  med ia ,  
s c a t t e r i n g  p l a y s  an i m p o r t a n t  r o l e .  The c o m p l e x i t y  of 
c a l cu l a t i ng  the s c a t t e r i n g  involves  the d i f f i cu l t i e s  r e -  
l a ted  to ca l cu l a t i ng  the  s c a t t e r i n g  i n d i c a t r i x  (curve) ,  
the  a t t enua t ion  f ac to r ,  and the s c a t t e r i n g  coef f ic ien t  
fo r  the  p a r t i c l e s  of the med ium,  and the d i f f i cu l t i e s  i n -  
volved in so lv ing  the equa t ions  of t r a n s p o r t  with an a r -  
b i t r a r y  s c a t t e r i n g  curve .  Even fo r  s p h e r i c a l  c u r v e s  
the  e x i s t i n g  ana ly t i c a l  f o r m u l a s ,  ba sed  on the S c h w a r z -  
s e h i l d - S c h u s t e r  and Eddington a p p r o x i m a t i o n s ,  a r e  not 
su f f i c i en t ly  a c c u r a t e .  Methods  have now been  d e v e l -  
oped which make  i t  p o s s i b l e  to so lve  the p r o b l e m s  of 
t r a n s p o r t  t h e o r y  with v i r t u a l l y  any d e g r e e  of a c c u r a c y  
[1, 2]. However ,  to ob ta in  a n u m e r i c a l  so lu t ion  with un-  
l i m i t e d  a c c u r a c y  r e q u i r e s  c o n s i d e r a b l e  work  on the 
p a r t  of the p r o g r a m m e r s  and much mach ine  t i m e ,  
w h e r e a s  the  ac tua l  a c c u r a c y  of t he se  ca l cu l a t i ons ,  a p -  
p l i ed  to spec i f i c  condi t ions ,  f r e q u e n t l y  p r o v e s  to be 
low b e c a u s e  of the  c o a r s e  a p p r o x i m a t i o n  of the s c a t t e r -  
ing cu rve  o r  b e c a u s e  of m a r k e d  g e o m e t r i c  s i m p l i f i c a -  
t ion.  Until now it has therefore been important to find 
methods of calculation that were valid for a specific 

interval of optical thicknesses and for a specific inter- 

val of particle diameters. 

2. As demonstrated in [3], if the particle radius a 

is sufficiently large 

2~ a 
p ~  > 10, 

the  a t t enua t ion  f ac to r ,  the s c a t t e r i n g  coef f i c ien t ,  and 
the s c a t t e r i n g  cu rve ,  c a l c u l a t e d  by the  me thods  of 
g e o m e t r i c  op t i c s ,  with c o n s i d e r a t i o n  of c l a s s i c a l  
F r a u n h o f e r  d i f f r ac t ion ,  a r e  in good a g r e e m e n t  with the 
r i g o r o u s  1Vile t h e o r y  [4J, if we a v e r a g e  o v e r  s o m e  i n -  
t e r v a l  of p a r t i c l e  d i a m e t e r s .  The p o r t i o n  of the  r a d i a -  
t ion  s c a t t e r e d  by the p a r t i c l e s  as  a r e s u l t  of c l a s s i c a l  
d i f f r a c t i o n  is equal  to I in uni t s  of 7ra 2, and amounts  to 
half  the a t t enua t ion  f a c t o r  fo r  the  p a r t i c l e ,  e a l c u l a t e d  
by the  method  of g e o m e t r i c  op t i c s ,  with c o n s i d e r a t i o n  
of d i f f r a c t i on .  Th is  p o r t i o n  is  m a r k e d l y  ex tended  f o r -  
ward .  V i r t u a l l y  a l l  the s c a t t e r e d  l ight  is  c o n e e n t r a t e d  
wi thin  a cone exh ib i t i ng  a h a l f - a n g l e  of 1/p [4]. If in 
p a s s i n g  th rough  the l a y e r  a s ing le  quantum of r a d i a -  
t ion  is s c a t t e r e d  n t i m e s  on the a v e r a g e ,  i t s  d e f l e c -  
t ion  f r o m  i t s  o r i g i n a l  d i r e c t i o n  as  a r e s u l t  of d f f f r a e -  
t ion  f r o m  the m e d i u m  p a r t i c l e s  invo lves  an angle  of 
o r d e r  n/p, ff n i s  s m a l l .  However ,  in t e r m s  of o r d e r  
of magn i tude  n is  equa l  to the  op t i c a l  l a y e r  t h i c k n e s s  

and t h e r e f o r e  if g / p  >> i ,  the d i f f r a c t e d  l ight  m a y  be 

held to co inc ide  in d i r e c t i o n  with the inc ident  l ight .  If 
the a b s o r p t i o n  index of the p a r t i c l e  subs t ance  s a t i s f i e s  
the  inequa l i ty  x > X/va (where  X is  the r a d i a t i o n  wave -  
length),  the  l ight  r e f r a c t e d  by the p a r t i c l e s  can be neg-  
lec ted .  The s c a t t e r i n g  curve  fo r  the r e f l e c t e d  l ight ,  
f o r  l a r g e  r e f l e c t i n g  p a r t i c l e s ,  with an i n c r e a s e  in the 
complex  r e f r a c t i v e  index,  tends  to the s p h e r i c a l ,  
while  the  coef f i c ien t  of r e f l e c t i o n  can be ca l cu l a t ed  on 
the b a s i s  of g e o m e t r i c  op t ics  [5]. Thus,  fo r  l a r g e  a b -  
s o r b i n g  p a r t i c l e s  and fo r  op t ica l  t h i c k n e s s e s  not too 
l a r g e ,  the p r o b l e m  r e d u c e s  to the so lu t ion  of the equa-  
t ions  of t r a n s p o r t  f r o m  a s p h e r i c a l  s c a t t e r i n g  curve .  

3. Let  us  examine  the t r a n s p o r t  equat ion  fo r  a f l a t  
l a y e r  f o r  the c a s e  in which in tens i ty  is  independent  of 
the az imu th  angle  and the s c a t t e r i n g  c u r v e  is  s p h e r i -  
cal:  

1 

Ol r f , ~ ~ +  I =  --2 1(% ~')d +]('0 
- - I  

(1) 

with the boundary  condi t ions  

I(O, ~ > 0 ) = 0 ,  .1(.to, ~ < 0 ) = 0 .  (2) 

Equa t ion  (1) with boundary  condi t ions  (2) can be 
w r i t t e n  in i n t e g r a l  f o r m  [t]: 

r; 
B (~)  = ~-  E11 x - -  T'[ B ('~') d "~' -b  ] (z), 

0 

(3) 

w h e r e  B(7) is  the r i g h t - h a n d  m e m b e r  of Eq. (1); E1 is  
the i n t eg roexponen t i a l  funct ion of 1 - s t  o r d e r .  Subse -  
quent ly ,  E n wil l  denote  the  in t eg roexponen t iM func -  
t ion  of n - th  o r d e r .  We wil l  so lve  (3) with the 6 - l i k e  
s o u r c e  funct ion  j = 5U--T1) by the B u b n o v - G a l e r k i n  
method  [6]. The so lu t ion  of the  equat ion  for  the G r e e n  
funct ion  

r; 
6 (T, T1) = ~- -  E1 ] T - -  z'l G (z', x) d z '  + 6 (~ - -  %) 

0 

is  sought  in the f o r m  of the s e r i e s  

N 

tn~0 

(4) 

If we l i m i t  o u r s e l v e s  to only a s ing le  t e r m  in the e x -  
pans ion ,  we wil l  ob ta in  

1 
a' o = , ( 5 )  

( l - - r ) %  + 2 ~ . ( % )  
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w h e r e  e0(~) = 1 - 2E3(T 0) is  the d i m e n s i o n l e s s  r ad i a t i on  
e n e r g y  of a u n i f o r m l y  hea ted ,  n o n s c a t t e r i n g  l a y e r  of o p -  
t i c a l  t h i c k n e s s  ~ .  

Tab le  1 

Ene rgy  of i s o t r o p i c  r a d i a t i o n  p a s s i n g  th rough  a 
p u r e l y  s c a t t e r i n g  l a y e r  

Results taken After Adri- Second Galer- Second Ivon 
anov and kin approxi- approxima- 

% from [ 8 | Polyak matron tion 

0 
0.1 
0.3 
0.5 
0.8 
1.0 
2.0 
3.0 

10.0 

1.0000 
0.9103 
0.7960 
0.7062 
0.6057 
0.5523 
0.3909 
0.3016 
0.1209 

1.0000 
0.9159 
0.7941 
0.7051 
0.5057 
0.5543 
0.3905 
0.3019 
0.1168 

1.0000 
0.9154 
0.7936 
0.7044 
0.6048 
0.5534 
0.3901 
0.3006 
0.1170 

1 0000 
0.9127 
o. 7878 
o. 6989 
0.6013 
0.5510 
o. 3896 

If in expans ion  (4) we c o n s i d e r  two t e r m s ,  fo r  the 
coe f f i c i en t s  a~ and al  we obta in  the e x p r e s s i o n s  

2 ( l , r )  n +  ~o(n) x 

x ( 1 - -  r) n + -}- ~o (n)  %a + r ~ (~o) - -  

zo~ [ ( l _ _ r ) % +  r ]}}-1 -~- eo ('~o) , (6') 

H e r e  g0(~) deno tes  the  funct ion  

q~(%)= - ~ - - [ +  --~.E.(~o)--Es(%)1" 
Knowing the G r e e n  funct ion  G(T, T' ), we can so lve  the 
p r o b l e m  with any s o u r c e  funct ion  in  the  f o r m  

B('~) = j" ]('~l)G('c, "q)d%= ao+al~+... (7) 
o 

Here  i t  i s  n a t u r a l  tha t  the second  a p p r o x i m a t i o n  of the  
method  wi l l  depend  on whe the r  the  funct ion B(T) is  wel l  

described by the expression ao + al r. The radiation in- 
tensity is expressed in terms of the function B(r): 

I (~, ~, > 0) = ~ exp B (T') d "(, 

o 

l(x, p <0)= -~- exp B(x')d'(, (8) 

go 

while  the  e n e r g y  p a s s i n g  beyond the boundary  r -- ~ is  
e x p r e s s e d  by 

"go 

e= S Eg(%--'d)B('c')d'(. (9) 
0 

4. Let  us  e x a m i n e  the p a s s a g e  of i s o t r o p i c  r a d i a -  
t ion  of uni t  e n e r g y  th rough  the l aye r .  

Equat ion  (1) with boundary  condi t ions  (2) f o r  j = 
= rE=(T) d e s c r i b e s  the s c a t t e r e d  r a d i a t i on .  We wil l  not  
c a r r y  out  the c a l c u l a t i ons  in second  a p p r o x i m a t i o n  of 
the  method  b e c a u s e  they  a r e  ana logous  to the  c a l c u l a -  
t ions  of Kuzne tsov  [7] who sought the so lu t ion  for  func-  
t ions  B a l so  in the  f o r m  a0 + a i r  fo r  r = 1. The  p r o b -  
l em of the p a s s a g e  of i s o t r o p i c  r a d i a t i o n  th rough  a 
p u r e l y  s c a t t e r i n g  l a y e r  has  been  so lved  by many  a u -  
t ho r s ;  th is  i s  b e c a u s e  the p r o b l e m  of e q u i l i b r i u m  hea t  

~tr 

" \ %  

\ , , \  

E n e r g y  of i s o t r o p i c  r a d i a t i o n  th rough  l a y e r  
as funct ion of op t ica l  l a y e r  t h i c k n e s s  (r  = 1 
is  the  s p h e r i c a l  i n d i c a t r i x ) :  1) exac t  s o l u -  
t ion;  2) Ivon ' s  s econd  a p p r o x i m a t i o n  ( c i r c l e s ) ;  

3) S c h w a r z s c h i l d - S e h u s t e r  a p p r o x i m a t i o n .  

exchange  be tween  a l a y e r  without  s c a t t e r i n g  (or  with 
a s p h e r i c a l  s c a t t e r i n g  curve)  and b l a c k  w a l l s  [8] or ,  as  

Tab le  2 

D i m e n s i o n l e s s  e n e r g y  of l a y e r  r a d i a t i o n  and ene rgy  of i s o t r o p i c  
r a d i a t i o n  a s  func t ions  of the op t i ca l  l a y e r  t h i c k n e s s  

r 

0.1 
0.2 
0.5 
0.8 
1.0 
1.5 
2.0 

D i m e n s i o n l e s s  e n e r g y  o f  layer radiation 
(r = 0.5) 

Second Iron ISchwarzschild- 
approxima- Schuster ap- 

tion proximation 

0.0929 0.094 
O. 1733 O. 161 
O. 3593 O. 398 
0.4897 0.537 
0.5581 0.603 
O. 6734 O. 707 
O, 7445 O. 768 

First Galerkin 
approxima- 

tion 

0.0911 
0.170 
0.357 
0.492 
0.562 
0.684 
0.762 

Energy of isotropic radiation passing through 
the layer (r = 0.5) 

Fh'st Gai.er kin 
z0 approxtma- 

tion 

O. 1 O. 8665 
O. 2 O. 7589 
0.5 0.5300 
0.8 0.3813 
1.0 0.3083 
21:o o1 o O. 1091 

5chwarzschild- 
~chuster ap- 
roximatioo  

0.861 
0.740 
0.482 
O. 320 
0.237 
0. I12 
0.058 

Second  I ron  
approxima- 

tion 

0.871 
0.767 
0.543 
0.398 
0 .328 
0.214 
0.150 
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can be d e m o n s t r a t e d ,  wa l l s  that a r e  g r a y  but i so -  
t r o p i c a l l y  r e f l e c t i ng ,  r e d u c e s  to the f i r s t - c i t e d  p r o b -  
l em .  

Hot te l  [8] d e r i v e d  exac t  r e s u l t s  fo r  the e n e r g y  
p a s s i n g  th rough  the l a y e r ,  so lv ing  the p r o b l e m  on a 
c o m p u t e r .  Tab le  1 shows a c o m p a r i s o n  of the r e s u l t s  
fo r  the  magn i tude  of the p a s s i n g  ene rgy ,  c a l cu l a t e d  in 
second  a p p r o x i m a t i o n  of the B u b n o v - G a l e r k i n  method ,  
with the exac t  ca l cu la t ion  of Hottel ,  as  wel l  as with 
the  A d r i a n o v  and Po lyak  ca l cu l a t i ons  [9]. The e o m p a r i -  
son shows e x c e l l e n t  a g r e e m e n t  fo r  the second  a p p r o x i -  
m a r i o n  of the  B u b n o v - G a l e r k i n  method .  

F o r  thin l a y e r s  we can l i m i t  o u r s e l v e s  to only a 
s i ng l e  t e r m  in the  expans ion  of funct ion  B and use  the  
f i r s t  a p p r o x i m a t i o n .  F o r  the r a d i a t i o n  e n e r g y  p a s s i n g  
th rough  the l a y e r  we have the f o r m u l a  

2E~ (n) E t r  
§ - -  . ( 1 o )  

4 (1--  r) % § ~ -  % (%) 
2 

When r = 1 this formula transforms to the familiar [9] 

1 §  8 (x) 
8tr -- 

2 

In first approximation of the Galerkin method it is 

also not difficult to derive a formula for the dimension- 

less energy of radiation for a uniformly heated layer 

grad= (1--  r) %%(%) (11) 
r ~o (~o) (1--r)~o + -~ 

Of course, when r e 0 this formula is not valid for 

thick layers. 

5. Table 2 shows a comparison of calculations, 

from (i0) and (ii), with the solution of the Schwarz- 

schild-Schuster method for r = 0.5, as well as with the 

second approximation of the lyon method [2]. We con- 

ducted the calculation in accordance with the Iron meth- 

od on an M-3M computer. 

Comparison (see figure) of the exact solution (r = 
= 1 and r = 0) for the energy of isotropic radiation 

passing through the layer with the second Iron approxi- 

mation, as well as with the Schwarzsehild-Schuster 

method, which is a first approximation of the lyon 

method for the spherical scattering curve, shows that 

the second lyon approximation is fairly exact. We see 

from Table 2 that for small optical thicknesses the 

calculation according to (10) and (11) is more exact 

than the calculation according to the Schwarzschild- 

Schuster method. If the layer is not thin, the calcula- 

tion of the radiation that passes through the layer can 

be carried out in second approximation of the Galer- 
kin method. To evaluate the accuracy and to refine the 

solution we can employ the method of iterations, tak- 

ing only a single iteration. 
6. Thus, if the first Galerkin approximation is taken 

as the zero approximation in the method of iterations 

for the problem of layer radiation, for the energy of ra- 
diation from ~helayer we derive the following formula: 

w h e r e  

era d e o (%) ( 1-- r) T r (1-- r) t o : :  X 
r 

(l--r) 3 o+  ~ %(to) 

x [~o (to) - % (,o) - ~,, (to)i, (12) 

, r  0 

a;, (t0) = 5 E, (t0 - �9 ) e ,  (t') d �9 ', 
0 

�9 t o 

0 

The l a s t  i n t e g r a l  can be c a l c u l a t e d  a p p r o x i m a t e l y  by 
us ing  the a p p r o x i m a t e  r e p r e s e n t a t i o n  of the funct ion 
E2(~'): 

1 
E~ (~) ~ ~ -  [exp [ - -  (3-c V3-) t] + 

+ exp [ -  ( 3 -  V~)  t l ]  (13) 

F o r m u l a  (13) is  d e r i v e d  in the fo l lowing m a n n e r .  Since 

1 

0 

to find E 2 we have to find the a p p r o x i m a t e  e x p r e s s i o n  for  
the funct ion e x p [ - r / # ] ,  which is a so lu t ion  of the e q u a -  
t ion  p(dI/dT) + I = 0 with the bounda ry  condi t ion  I(0, 
p >0) = 1. If we so lve  th is  equa t ion  in second  a p p r o x i -  
ma t ion  of the Ivon method,  we obta in  

e x p [ - ~ ] =  ~ [ ~ _  6 .  

• i - - x ( 3 +  g ~ ] +  

6~ ,] o, pr- 3- 

From this we obtain (13). It then is not difficult to 

find 

t I 
c~ (t) = E~ (t) + ~ E~ (3) -  

'ZV 6 

1 exp [--(3+ Y-3) t 1, (14) 
2V-~ 

i { 1 -  exp [ -2 (a+  v% t] 
G22 (~)= 4 2 (3+ l / ~  § 

§ 1-- exp [--6t13 ~ 1 - - e x P 2 ~ [ - - 2  (3--  V-3) t] } . (15) 

NOTATION 

a is the particle radius; X is the radiation wave- 

length; p is the quantity 2ha/k; 7 is the optical thick- 

ness; >t is the index of absorption of substance of 

the p a r t i c l e s ;  I is  the r a d i a t i o n  in tens i ty ;  r is  the r a t i o  
of the d i s p e r s i o n  f ac to r  to a t t enua t ion  fac to r ;  # is  the co-  
s ine  of the angle  between r - a x i s  and the r ay  d i r ec t i on ;  E n 



264 IN ZHENERNO- FIZICHESKII ZHURNAL 

is the integroexponential function ofn-th order; 5 is the 
Dirac delta function; j is the source function; G is the 
Green 's  function; e0(T0) is the dimensionless energy of 
radiation of a uniformly heated nonscattering layer 
with optical thickness To; etr is the dimensionless en- 
ergy of isotropic radiation passed through a layer 
having optical thickness 70; era  d is the dimensionless 
energy of radiation of a flat layer with optical thickness 

having a constant temperatur  e. 
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